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Let T = V(t)~,~, be a Co-semigroup on a Banach space X. In this paper, we study the rela- 
tions between the abscissa WLP (T) of weak pintegrability of T (1 5 p < oo), the abscissa w;(A) of 
p-boundedness of the resolvent of the generator A of T (1 5 p 5 a), and the growth bounds q(T), 
@ 2 0, of T. Our main results are as follows. 
(i) Let T be a Co-semigroup on a B-convex Banach space such that the resolvent of its generator 
is uniformly bounded in the right half plane. Then wt _<(T) < 0 for some E > 0. 
(ii) Let T be a Co-semigroup on LP such that the resolvent of the generator is uniformly bounded 
in the right half plane. Then wa(T) < 0 for all p > 11/p - l/p’l, l/p + I/p’ = 1. 
(iii) Let 1 5 p 5 2 and let T be a weakly Lp-stable Cs-semigroup on a Banach space X. Then for 
all/I> l/pwehaveq(T) LO. 
Further, we give sufficient conditions in terms of w:(A) for the existence of LP-solutions and 
W ‘>P-solutions (1 5 p 5 KI) of the abstract Cauchy problem for a general class of operators A on X. 
0. INTRODUCTION 
In this paper, we study the asymptotic behaviour of a Co-semigroup 
T = VW,,, on a complex Banach space X. For x E X and 12 E N, the growth 
bounds w(x) and wn( T) are defined by 
W(X) := inf{w E IF4 : \IT(t)xll 5 Me”’ for some A4 = M, and all t > 0); 
wn(T) := sup{w(x) : x E D&4”)}. 
’ Research supported by the Netherlands Organization for Scientific Research (NWO). 
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Here, A is the generator T and D(A ‘) is understood to be X. More generally, if 
the fractional powers of -A are defined, for p > 0 we put 
q(T) := sup{w(x) : x E D((-A)B)}. 
Of particular interest are the uniform growth bound of T, that is wg( T), and the 
growth bound wi (T) which characterizes the growth of the classical solutions 
of the corresponding abstract Cauchy problem. The growth bound WI(T) 
equals the abscissa of improper convergence of the Laplace transform of T 
[Ne]: 
~~lw:~l~rn~ je-“T(s)xdsexistsforallxEX . 
0 
Similarly, ws( T) is equal to the abscissa of absolute convergence of the Laplace 
transform of T; this is a special case of the Datko-Pazy theorem [Pa, Theo- 
rem 4.4.11. 
The spectraI bound s(A) is defined by 
s(A) = sup{ReX : X E a(A)}. 
We always have s(A) 5 WI(T) 5 we(T) [Na, Corollary A.IV.1.51; for positive 
Co-semigroups on a Banach lattice there is the equality s(A) = wi (T) [Na, 
Theorem C.IV.1.31. In general, however, both inequalities may be strict; see e.g. 
[Na, Example A.IV.1.61 or [Ne]. Therefore, in order to be able to say something 
about the asymptotic behaviour of T, it is not enough to know the location of 
the spectrum of A. For this reason, several other quantities have been studied. 
The abscissa WL~(T) (1 5 p < CO) of weakp-integrability of T is defined as 
WLP(T) 
:=inf 
{ 
wE[W: Te-“‘]( x*, T(t)x)IP dt < CO for all x E X and x* E X* . 
0 1 
The abscissa w;(A) (1 5 p < CO) of p-boundedness of the resolvent R(A, A) = 
(X - A)-’ of A denotes the infimum of all w E Iw for which R(X, ,4)x E H* 
({ReX > w}, X) for all x E X, that is, 
:=inf{wtW:sup{ _-oo 7 (]R(t + is, A)xllP d . s. t > w < 00 for all x~X ; 
for p = oo we take the sup-norm along the lines t + iR. We denote the resulting 
abscissa of uniform boundedness of R(X, A) by WR(A) rather than wr(A). 
Similarly, the abscissa weak-w;(A) (1 5 p 5 CO) of weakp-boundedness of the 
resolvent denotes the infimum of all w E [w for which (x*, R(X, A)x) E HP 
({ReX > w}) for all x E X and x* E X*. 
It is well-known that for a Co-semigroup on a Hilbert space we have WR(A) = 
we(T) = WL~(T) for all 1 5 p < cm. The first equality is due to Gearhart [Gel; 
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an elegant short proof is given in [We]. The second equality is due to Huang and 
Kangsheng [HK] and, independently, Weiss [We]. In the Banach space case, 
several results are known about the relations between WR (A) and wL1 (T) on the 
one hand and the growth bounds w,( 2’) on the other hand: 
(i) WZ(T) 5 WR(A) [Sl]; see also [Na, Theorem A.IV.1.91; 
(ii) wi (2’) <_ wL1 (T); this follows from [GVW, Proposition 1.11 in combina- 
tion with [Na, Theorem A.IV.1.41; 
(iii) If X is B-convex, in particular if X is uniformly convex, then wi (T) 5 
(‘JR(A) [Wrl; 
(iv) If X is a Banach lattice and T is positive, then s(A) = WI(T) = WR(A) 
[Na, p. 1071. 
It can happen that wi (T) < uR(A); an example can be found in [Wr]. Huang 
[Hu2] claimed that w1 (T) < uR(A) = wLl (T) holds for every Co-semigroup on a 
Banach space X. His proofs, however, depend on a lemma on the extension of 
H2-functions, to which we present a counterexample below. Therefore it re- 
mains an open question whether the relations WI(T) < q(A) and/or WR(A) = 
wLl (T) hold in general. 
In Section 1, we show that the inequalities WI (T) 5 WL~( T) and WR(A) < 
WL~(T) hold for each 1 5 p < 00. 
Section 2 gives some basic definitions concerning fractional powers of un- 
bounded operators. 
Section 3 is devoted to some Paley-Wiener type lemmas concerning w;(A) 
and weak-w:(A). 
The main result in Section 4 is as follows. If the resolvent of a Co-semigroup 
T on X is uniformly bounded in the right half plane, then wa( T) < 0 for all p > 
l/p - l/p’ (l/p + l/p’ = 1); here p is the so-called Fourier type of the Banach 
space X. In particular, we somewhat improve Slemrod’s theorem (statement (i) 
above) by showing that w1 +J T) < 0 if the resolvent is uniformly bounded in 
the right half plane. Also, if T is a Co-semigroup on LP, 1 < p < co, with uni- 
formly bounded resolvent in the right half plane, we obtain that up(T) < 0 for 
all p > 1 l/p - l/p/l, (l/p + l/p’ = 1). If T is a positive Co-semigroup on LP 
and the spectral bound s(A) of its generator is negative, then the resolvent is 
automatically bounded in the right half plane. For this case, the third author 
has recently proved [W] that s(A) = wg( T). 
In Section 5 we study the abscissa weak-w;(d). It is shown that w,(A) < 
weak-w:(A) for all 1 < p < co. Also, if the resolvent is uniformly bounded in 
the right half plane, then (x*, T(.)x) E LP(R+) for all x E D(A) and x* E X* 
and all 2 < p < 00. Note that the cases p = co in these two results would imply 
one of the claims of Huang. 
In the final Section 6, we extend some of the techniques of Section 3 in order 
to study the abstract Cauchy problem u’(t) = Au(t) (t > 0), u(0) = x, for a 
general class of operators A. Extending definitions of types of solutions given 
by Beals [Be] and Pazy [Pa], we discuss the existence of unique LP-solutions 
and W’,P-solutions in relation to the abscissae w;(A). 
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We conclude this introduction with a counterexample to Huang’s lemma. We 
need the following terminology. For w E R and 1 5 p 5 00, let HP(w) denote 
the Banach space of analytic functions in the open half plane {ReX > w} such 
that 
;;; 
( 
7 If(t + iS)IP q < 03. 
-lx 
We will write HP for HP(O). Huang’s lemma can be formulated as follows. 
Suppose 6 > 0 and f is an analytic function in the half plane {ReX > -6). If 
moreover f E H2(w) for some w > 0 and 
then f E H2. The counterexample below was constructed by A. Poltoratski and 
I. Binder. 
Example 0.1. For t > 0, let 
So(t) = { ;‘1 
if tE [n,n+ep2”]; n= 1,2,...; 
, otherwise. 
Then e(‘-‘)‘fo(t) E L’(R+) and e-“b(t) E L2(R+) for each E > 0, but fo $! 
L2([w +). Let f be the Laplace transform of fo, 
f(s) = 7 e-“ffo(t)dt. 
0 
Then f exists and is analytic in {Res > -l}, and, by the Paley-Wiener theo- 
rem, f E H2(c) for all 6 > 0 but f $! H 2. We claim that (0.1) holds. To this end, 
let n > 0. Then we use that 
lim If(re”)l : 101 5 :,Re(re’“) > 7 =o 
lioc, 
by the general theory of H2 functions (e.g., [Ho, Chapter 81); also, 
If(re")) : 1191 5 :,O 5 Re(re”) < n = 0 
by the Riemann-Lebesgue lemma. 
1. THE ABSCISSAE WLP (T) 
Let T be a Co-semigroup on a Banach space X and let 1 < p < CCL We say 
that T is weakly LP-stable if for each x E X and x* E X* we have (x*, T(.)x) E 
LJ’(R+). We start with the observation that for a weakly Lp-stable semigroup 
on a Banach space X, there exists a constant M such that 
(1.1) r 1(x*, T(t)x)IP dt)“‘< Mljxll IIx*II, for all x E X,x* E X*, 
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cf. [We]. In fact, we have the following more general situation. Let X, Y, and 2 
be Banach spaces and let S : X x Y + 2 be a separately continuous bilinear 
map. For x E X define S, : Y --f Z, S, y := S(x, y). Then each S, is bounded by 
the continuity in the Y-variable. Using the continuity in the X-variable, it is 
easy to see that the map x H S, is closed, and hence bounded by the closed 
graph theorem. It follows that 
IIS(x1 v)ll 5 Ilfu II Yll I Kllxll IIYII. 
Now let p be a positive a-finite Bore1 measure on a locally compact Hausdorff 
space 0, let E be a Banach function space over (Q, p), and let X be a Banach 
space. Assume that S : R -+ C(X) is a mapping such that for each x E X and 
x * E X *, the function 
s.~,x*(w) := (x*, S(w)x), w E 0, 
belongs to E. Consider the map S : X x X* + E, defined by S(x,x*) := S,,,.. 
We claim that this bilinear map is separately continuous. Indeed, fix x* E X’. 
We will show that S,. : X --+ E, defined by S,*x := S(x,x*), is closed. To this 
end, let x,, + x in X and S,.x, +f in E. Since Cauchy sequences in Banach 
function spaces have pointwise a.e. convergent subsequences [Za, p. 4431, and 
since (Sx.x,)(w) + (&x)(w) f or all w, it follows that S,. x =f, proving clo- 
sedness. Therefore, each operator S,+ is bounded. Similarly, each operator 
S, : X’ + E, SXx* := 6(x,x*), is bounded. Therefore, S is separately con- 
tinuous as claimed. 
From the above discussion we see that there is a constant K such that for all 
xEXandx*EX*, 
(1.2) IIwJc)4llE I wdl Ilx*ll. 
Applied to E = Lp(lR+), we obtain (1.1). 
The following lemma is an easy generalization of [GVW, Proposition 1.11 and 
[We, Proposition 2.21. 
Lemma 1.1. Let 1 < p < cc and suppose T is a weakly Lp-stable Co-semigroup 
on X. 
(i) Let 1 < p < co. Zf R, = U, E,, where (E,) c R+ is a sequence ofdisjoint 
sets each of which is bounded, and iff E LP’(R+) (l/p + l/p’ = l), thenfor all 
x E X the improper integral 
$f(t)T(t)xdt := lim n_~ s f(t)T(t)xdt 
u:=, 4 
exists and is independent of the choice of (E,,). Moreover, for all x* E X * we have 
x*,~f(t)T(t)xdt) = ~f(t)(x*,Wb) dt, 
the second integral being in the Lebesgue sense. 
457 
(ii) Letp= 1. Iffy L”(IW+)andlim,,,(f(t)l =O, thenforallxEXtheim- 
properintegralJr f(t)T(t)xdt:=lim,,,J,‘f(t)T(t)xdtexists. 
(iii) Let 1 < p < CO. For aN x E X and ReX > 0 we have X E p(A) and 
R(X,A)x = 7 eeXrT(t)x dt. 
Proof. (i) For 
integral be,ing 
SE”, If (t)Y dt. 
trary, we have 
bounded sets E c R+ define p(E) := j, f (t)T(t)x dt, the 
Bochner. For m > n define Enm := Ur=, Ek and let anrn := 
Then we have lim,,,, o. cr,, = 0. Therefore, for x* E X’ arbi- 
x*,k$n @k) 
>I 
= l(~*>~L(End)l = I,s f(t)(x*, T(t)x) dti 
nm 
J ,f (t)lP’ dt)“” 
Cl, 
Hence, 
This proves that the series C,, p(En) is convergent. Denoting the limit by 
CL@!+), by the dominated convergence theorem we have 
(x*>P@+)) = c ( x*,@n)) = Tf (t)(x*, T(t)x) dt. n 
0 
This proves the second formula and shows that @!+) is independent of the 
particular choice of the (E,,). 
(ii) In this case we have the estimate 
II 1 f(t) T(t)x dtll 5 sup 1 7’ ,,x’,, ~, J f (t)(x*, Vt)x) dt 
5 Wlxll . ,:y:, If (4 . 
- > 
(iii) This can be proved either directly or by an analytic continuation argu- 
ment: for each x, the map X H sow e -“T(t)x dt is analytic for ReX > 0 and 
coincides with R(X, A)x for ReX > Q(T). [7 
By arguing exactly as in [We], it follows from Lemma 1.1 (iii) that WR (A) < 0. 
Also, we noted in the introduction that the abscissa of improper convergence of 
the Laplace transform of T coincides with wi (T). We thus recover the following 
result due to Weiss [We]: 
Theorem 1.2. Let T be a Co-semigroup on a Banach space Xand let 1 5 p < 00. 
(i> WR(A) < w(T); 
(ii) q(T) 5 ULP(T). 
458 
For certain values of p, part (ii) will be improved later on (Theorem 5.5). 
Recall that a map f : (0, p) 4 X is Pettis integrable if (x *, f( .)) E L’ (p) for 
all x* E X* and for each measurable H c 52 there is an element xH E X such 
that 
(X*,xH) = j” (x*,f(w)) dp(w), for all xc E X*. 
H 
If in Lemma 1.1 (i) and (ii) we replace [w, by an arbitrary measurable subset of 
[w+, the argument shows that in fact the functionf(.) T(.)x is Pettis integrable. 
We have wg( T) < 0 if and only if the maps t H f(t) T(t) x are Bochner inte- 
grable: 
Proposition 1.3. Let T be weakly LP-stablefor some 1 < p < CO. Then wg (T) < 0 
if and only iff(.)T(.) x is Bochner integrable for all x E X and f E LP’(R+) 
(l/p + l/p’ = 1). 
Proof. We only have to prove the ‘if’ part. Let x E X be arbitrary and fixed and 
assume that f (.) T(.) x is Bochner integrable for all f E LP’(R+). We claim that 
t H T(t)x is in LP(lR+; X). If not, then [,,m (IT(t)x(jP dt = CO. Define gn(t) := 
IIWxll . x[o,~IW. Then kJ is an unbounded sequence in LP(R+). By the uni- 
form boundedness theorem, there is a $ E LP’(R+) such that the scalar se- 
quence 
((AgA = (i 4(t)llT(t)xll dt) n 
is unbounded. This contradicts the Bochner integrability of t H qS(t)llT(t)xll. 
The proposition now follows from the Datko-Pazy theorem. •I 
We already observed that the growth bound WI (T) coincides with the ab- 
scissa of improper convergence of the Laplace transform of T, and that wg( T) 
coincides with the abscissa of absolute convergence of the Laplace transform of 
T. Therefore it is of some interest to consider the abscissa of Pettis integrability. 
For an arbitrary Co-semigroup T on a Banach space X and 1 5 p < cc we al- 
ways have 
WI(T) I wp,ttis(T) I w~p(T) 5 WO(T); 
the second inequality follows by applying Lemma 1.1 to the function f(t) = 
e , -Xr X > 0, and the first follows from the countable additivity of the indefinite 
Pettis integral, cf. [DU, Chapter 21. 
Theorem 1.4. Let T be a positive Co-semigroup on a Banach lattice E. Then the 
.following assertions are equivalent: 
(9 s(A) < 0; 
(ii) WI(T) -=z 0;
(iii) T is weakly L’-stable; 
(iv) T is Pettis integrable; 
(4 W&4) < 0. 
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Proof. The equivalence of (i), (ii) and (v) was already mentioned in the in- 
troduction. 
Assume (i). By [Na, Theorem A.IV.1.4 and Theorem C.IV.1.31, for each 
x E X there exists a R(x) E X such that 
lim i r(t)x dt = R(x). 
7-00 o 
In particular, the integrals on the left hand are uniformly bounded with respect 
to T, say by a constant M(x). Then for any r > 0,O 5 x E X and 0 5 x* E X* 
we have 
[ I@*, T(t)x)I dt = I/ (x*> T(t)x) dti 
I IIx*IJ . M(x). 
Since r is arbitrary, it follows that T is weakly L’-stable. 
The implication (iii) =+ (v) follows from Theorem 1.2. 
If T is Pettis integrable, by definition T is weakly L’-stable. This gives 
(iv) * (iii). 
Finally, suppose T is weakly L’-stable. Because of the equivalence (i) H (iii), 
also the semigroup defined by U(t) := e”T(t) is weakly L’-stable for some 
small E > 0. Therefore, t H T(t)x = e-cl U(t)x is Pettis integrable by the ob- 
servation preceding this theorem. •I 
If T is bounded and one of the equivalent hypotheses in the theorem is ful- 
filled, then obviously T is weakly U-stable for all 1 5 p < cm. 
The following example shows that a weakly Li-stable semigroup can have 
strictly positive growth bound Q(T). In particular, T need not be bounded. 
This partially answers a question raised in [We]; note the contrast with the 
Hilbert space case. Also, the example shows that a bounded weakly U-stable 
semigroup can have growth bound zero. 
Example 1.5. Let 1 <p < cc and let X = U’(R+) nL’(lR+,e’ dt). With the 
norm /If/l := IlfllLPcw+, + IlfIILICR+,eldtl, X is a Bmach lattice. Define 
T(t)f(s) :=f(t + s). Then T is a positive Co-semigroup with lIT(t = 1 for all 
t and s(A) = -1; this is proved in [GVW]. Put ,S(t) := e’i2T(t). Then w(T) = 0, 
w(S) = i, and by Theorem 1.4 and the remark after it, T is weakly U-stable 
for all 1 I p < 00 and S is weakly L’-stable. 
As in [GVW], this example can be modified to give a counterexample on a 
reflexive Banach lattice. 
2. FRACTIONAL POWERS OF CLOSED OPERATORS 
In this section we state some basic facts and definitions which we will use in 
the sequel. The two lemmas describe some well-known facts (see e.g. [Pa, p. 691 
or [Fa, p. 3671) but in view of the many different definitions of fractional 
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powers in the literature and the difficulty to find references for the lemmas, we 
include their proofs. 
A closed, densely defined linear operator A on a Banach space X is called 
sectorial if (0, oo) c p(A) and there is a constant K such that 
(2.1) ]]R(X,A)]] < & for all X > 0. 
For a sectorial operator A, fractional powers of -A are defined. If p = 1 we 
define (-A)-@ as usual and for 0 < /3 < 1 we use the (real) representation of the 
bounded operator ( -FI-~ given by 
7 r-o?(r,A)x dr (x E X). 
0 
For any n E 77, the fractional power (-A)“-O is then defined by 
(-A)“-“x = (-A)“(-‘4-~x 
for x E D((-A)“-p) = {x E X : (-_4-‘x E D(A”)}. 
The operators (-A)B (/3 E R) are closed, injective, and satisfy the semigroup 
property 
(-A)+4)0 = (-A)a+P if Q 2 0 > /3 or Q, p 2 0 or o, ,0 5 0. 
In particular, we have that (-A)-D(-A)Dx = x for every /3 E [w and x E 
D((-A)@); in other words, (-A)-’ . 1s the inverse of the operator (-A)‘. We 
have inclusions 
o((-A)O) c q-Ajy if p 2 o. 
For details, we refer to [Ko]. 
If the resolvent satisfies (2.1), then there exist constants d > 0, C > 0 and 
0 < cp < 7~ such that ]]R(A,A)]] 5 C(l + IX])-’ for all X in the sector 
{X E Q= : ( arg X ) 5 p} U {A E C : IA I 5 d}; this follows from an easy resolvent 
expansion argument. Hence, for every p > 0 and x E X, the integral 
where p-0 is defined in terms of the principal branch of the logarithm, exists as 
a Bochner integral. Here, r = r(cp, d) = r(‘)(‘p, d) U Tc2)(‘p, d) U rc3)(‘p, d) 
denotes the upwards oriented curve defined by 
r(‘)(q,d) = {X E @ : (XI 2 d,argX = -cp}; 
P(2)(v,d) = {X E C : 1x1 = d, ]argX] > cp}; 
I’(3)(p,d) = {A E C : 1x1 2 d,argX = cp}. 
Note that we use the argument function with values in (-.rr, rr]. By Cauchy’s 
theorem, the integral (2.2) is equal to the curve integral over r(Cp, 2) for any 0 < 
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q 5 cp and 0 < d 5 d. Letting the curve r collaps into the real line, we obtain 
the following. 
Lemma 2.1. For every ,f3 > 0 and x E X, the integral (2.2) equals ( -,4-Bx. 
Proof. If ,B E N, the statement follows by Cauchy’s integral formula applied to 
the right half plane. In the case that 0 < p < 1, consider for 0 < ]0] < cp the 
curve r(6’) = {reie : r > 0). Using that 
it follows from Cauchy’s theorem that 
/ 
& E (-A)-‘R(A, 4x dX 
(2.3) l 
\ 
= & r;, (-V’R(X, A)x dX 
- & r(!-oi (-VB+, 4x dX 
= & g (re i(e-n))pfiR(re’o,A)x ,io dr 
- & 1 b-e i(-O+a))-PR(re-iO,A)x ,-i0 d,. 
_+ & 7 r-B(,inD _ e-’ lTTD)R(r, .4)x dr as040 
0 
= F 7 r-PR(r,A)x dr = (-LI~‘x. 
0 
The convergence is a consequence of Lebesgue’s convergence theorem, the in- 
tegrands in the integrals being dominated by the function r H Cr-fl(l + I)-‘. 
For ,B > I, p $! N, we use that 
WA, 4x w-1 (_/j-k-*x 
(-ApI 
= R(X, A)(-‘4p’x + c 
kzO (&p-k ’ 
where [/I] denotes the unique integer such that [p] 5 ,D < [/3] + 1. The integrals 
in 
= & J (-X)-P+[“1R(X,A)(-A)-[8’x dA 
r 
[PI-l 1 
+C k=O g J (-X)-B+k dA (-&-lx 
r 
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exist as Bochner integrals. Cauchy’s theorem applied to the left half plane 
yields that 
,s (-X)-P+k dX = 0 foreveryO<k<[/3]-1. 
Since 0 < /3 - [p] < 1, it follows by (2.3) that 
& ,J: (-X))%?(X,A)x dX = (-A)++4-~+[% = (-‘4-G q 
Under certain conditions, the complex representation (2.2) of (-A)-Ox can be 
changed to a curve integral over a line. 
Lemma 2.2. Let a < 0 and let A be a sectorial operator. Assume that the resolvent 
of A is uniformly bounded in {X E C : ReX 1 a}. Then for all /3 > 0 and x E D(A) 
K’e have 
(-A)-‘x = & s (-X)PpR(X, A)x dX. 
ReX=a 
Proof. For all X E {ReX 2 a}, X # 0, we have 
where A4 = sup{](R(X, A)[[ : ReX > a}. Hence the lemma follows from 
Lemma 2.1 and Cauchy’s theorem. q 
3. THE ABSCISSAE w;(A) AND PALEY-WIENER TYPE LEMMAS FOR 
SEMIGROUPS 
Let A be a closed linear operator on a Banach space X, let 1 5 p 5 co and let 
w E [w. We say that the resolvent of A belongs to HP(w) if {ReX > w} c p(A) 
and for each x E X we have 
sup 
{ 
_I IIR(t + is, A)xllP ds : t > w} < 00; 
in case p = 03, as usual, we take the sup-norm along the lines 1+ iR. It is not 
hard to see, cf. the argument at the beginning of Section 1, that for each t > w 
there exists a constant Ml such that 
(3.1) $ IIR(t + is,A)xllP ds)“p 5 Mtllxll, for all x E X. 
Moreover, for all t > w, 
(3.2) Bt := sup{]]R(X,A)(] : ReX 2 t} < cm. 
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In fact, for functions f E HP(w, X) and t > w we have the estimate 
(3.3) ;;g Ilf(t + is)ll I l ,lp Ilf II HP(W’,X)J w<w’<t 
(n(t - w’)) 
cf. [HP, Theorem 6.4.21. Applying this to f(x) = R(X,A)x, by the uniform 
boundedness theorem we obtain (3.2). We define w;(A) to be the abscissa 
w:(A) = inf{w E [w : A has HP(w)-resolvent}. 
If the resolvent fails to be in HP(w) for all w E [w, we put W:(A) = CO. As before, 
we write WR(A) instead WE(A) for the abscissa of uniform boundedness of the 
resolvent of A. By (3.2), WR(A) < w;(A) for all 1 < p < 00. 
We say that the resolvent of A belongs to HP(w) weakly if for all x E X and 
x* E X* the function X H (x*,R(X, A)x) belongs to HP(w). We denote by 
weak-w:(A) the corresponding abscissa, i.e. the infimum of all w such that 
R(X, A) belongs to HP(w) weakly. 
If R(/\, A) belongs to HP(w) weakly and t > w, there is a constant Mt such 
that 
(3.4) 
i 
( 
_ji: I(x*,R(t + is, A)x)jp ds)“’ 
I Wll4 IIX*ll> for all x E X,x* E X*. 
This follows from the observations at the beginning of Section 1. Moreover, for 
all t > w we have 
Bt := sup{ IIR(X, A)ll : ReX 2 t} < co. 
In particular, WR(A) = weak-wR(A) < weak-w;(A) for all 1 < p < 00. 
Our next aim is to prove that the functions w;(A) and weak-w;(A) are non- 
increasing in p. Let Lr ([w, X) denote the closure in L”([w , X) of the set of all 
X-valued step functions of the form c,“= 1 &XF,, where x,, E X and F,, c R is 
measurable and has finite Lebesgue measure. Clearly, Co@, X) c LT(Iw, X). 
Also, it is well-known [HP] that the restriction of an f E HP(w, X) to each line 
t+ilWbelongstoC,“(llX,X)(l~p<co,t>w). 
The basic fact we will use is that for all 1 < p < co and 0 < 19 < 1, the com- 
plex interpolation method gives 
(3.5) (LP(W, X),LY(@ X)),,] = Lq(& X), 
where l/q = (1 - 8)/p [BL, Theorem 5.1.21. 
Proposition 3.1. The functions w:(A) and weak-w:(A) are non-increasing in p. 
Moreover, for all 1 < p 5 CO we have either w{(A) = CO or w:(A) = WR(A). 
Proof. Fix 1 I p 5 q 5 CO. We claim that HP(w, X) c Hq(w + E, X) for all 
E > 0. 
By (3.2), HP(w, X) c Hm(w + E, X) for all 6 > 0, so we may assume that 
p < q < 00. Let S 2 E > 0 be arbitrary and let 0 < 8 < 1 be such that l/q = 
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(1 - 8)/p. Define the linear operators Tip) : HP(w, X) -+ LP(iR, X) and(Tq(“) : 
HP(w,X)-+L~(R,X) by f++flw+6+iR. Then llT~"'II 5 1 and llTb" 1) 5
(m!i-l'p by (3.3). By complex interpolation, it follows that 
Ilf Iw+~+iRlIU(R,X) 5 (~s)-o’pllf IIHP(R,X) 5 (nc)-(q-p)‘pqllf IIHP(R,X). 
This proves that HP(w, X) c Hq(w + E, X). 
Applying this to the functions X H R(X, A)x shows that w:(A) 5 W;(A). 
So far, we have proved that p + w:(A) is non-increasing. Now suppose that 
for some fixed p we have W;(A) < CO. By (3.2), we see that WR(A) 5 W;(A); we 
will prove that the converse inequality also holds. Let b > w:(A), let WR(A) 5 
to I b and let to 5 t 5 b be arbitrary and fixed. Let B1, be defined by (3.2). By 
the resolvent equation, for all s E [w we have 
IIR(t+is,A)II = II[Z+ (b- t)R(t+is,A)]R(b+is,A)(I 
I (1 + B,,(b - t))llR(b + is,A)Il. 
Consequently, 
( 
_I IIR(t + is,A)xllP ds)“’ 
I/P 
I (1 +B,(b - t)) 
( 
7 (IR(b + is,A)xI(P ds . 
-m > 
Since to I t < b is arbitrary and the resolvent is in HP(b), this shows that the 
resolvent is in Hp(r0). 
Finally, we have to prove the inequality weak-w:(d) < weak-w;(A). This is 
done similarly as in the strong case, using the spaces HP(w) and the functions 
X H (x*,R(X,A)x). 0 
Recall that a Banach space X has Fourier type p for some 1 < p < 2, if the 
Fourier transform F extends to a bounded operator 
F : L”(lR, X) + Lq-3, X), 
l/p+l/p’= l,betweentheLebesgue-BochnerspacesLP([W,X)andLP’((W,X). 
In other words, it is assumed that the vector-valued Hausdorff-Young theorem 
holds for the exponent p. 
Every Banach space has Fourier type 1 but only a Hilbert space has Fourier 
type 2 [Kw]. The Banach space L’(O, p) has Fourier type min{r, r’} [Pe]. Every 
B-convex (in particular every uniformly convex) space has a Fourier type for 
some p with 1 < p 5 2 [Bo] (and this actually characterizes B-convexity). Re- 
call that a complex Banach space is B-convex if it does not contain the spaces I,’ 
uniformly. For more information we refer to [Pi]. 
From (3.5) and the Riemann-Lebesgue lemma one sees that if a Banach 
space has Fourier type p for some 1 < p 5 2, then it has Fourier type q for all 
l<q<p. 
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Now let A be a sectorial operator on X with WR(A) < 0, and fix WR(A) < a < 0 
and x E D(A). By (2.4), for all p > 0 the integral 
(3.6) (Sx)(t) := & J eX’(-X)-Pi?(X, ,4)x dX, 
ReX=a 
where p-0 is defined in terms of the principle branch of the logarithm, exists as 
a Bochner integral. By Cauchy’s theorem, the integral does not depend on the 
value of a. Moreover, (2.4) shows that there is a constant C,, which only de- 
pends on A and a, such that 
(3.7) II(S 5 Cnea’llxllD(,4). 
We also define 
(3.8) (&x)(t) := e-“(Sx)(t). 
Lemma 3.2. Assume X has Fourier type p for some 1 < p 5 2 and assume A is a 
sectorial operator with w:(A) < Ofor somep < q 5 00. Then wR(A) < 0, andfor 
all p > l/p - l/q and a > w;(A), f ormula (3.8) extends to a bounded linear 
operator S, : X + LP’(R+, X). 
Proof. Fix x E D(A). Since WR(A) I: w;(A) < 0, the definition of (Sx)(t) makes 
sense. Without loss of generality, we may assume w;(A) < a < 0. Then 
(Sx)(t) = 2 -7 e-‘S’g(s)ds = g F(g)(t) 
m 
where g(s) = (-a + is))‘R(a - is, A)x. Since l/r := l/p - l/q < ,f3, we have by 
(3.11, 
( 7 Il&w ds)ll* -cG 
7 llR(a - is, A)xliq ds)“q 5 CIIxII. 
-0s 
Since X has Fourier type p, for all x E D(A) we get 
Ile-a(‘)(WC)II LP’(R+,X) 5 Cl lbll. 
Therefore, S, extends to a bounded linear operator S, : X -+ L*‘(R+, A’). •I 
It is easy to see that a generator whose resolvent is uniformly bounded in the 
open right half plane (or equivalently, WA(A) < 0; cf. Lemma 4.1) is sectorial. In 
that case, the integral (3.6) can be expressed in terms of T: 
Lemma 3.3. Let A be the generator of a Co-semigroup T with WR (A) < 0. Then for 
all p > 0, WR(A) < a < 0 and x E D(A) we have (Sx)(t) = T(t)(-A)-‘xfor all 
t 2 0. 
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Proof. First let x E D(A 2). By Cauchy’s theorem, 
(3.9) &i acjC-u 
,xt(-A)-P-t dX = 0. 
Using thisandtheequation (l/X)AR(X,A)x= R(X,A)x-x/X, wesee that 
(Sx)(t) = & J eXf(-X)y’R(X,A)(-Ax)dX. 
ReX=a 
Since -Ax E D(A), we may differentiate under the integral sign and obtain 
i (Sx)(t) = & J” XeXf(-X)-P-‘R(X,A)(-Ax)dX 
ReX=a 
= A & Rei_ ey-A)-vqX,A)(-Ax)dX ( 1 = A((SxHt)). 
To obtain the second identity, we used X = (X - A) + A, (3.9), and the closed- 
ness of A. Also, (Sx)(O) = (-YI-~x by Lemma 2.2. We have shown that (Sx)(.) 
is the solution to the abstract Cauchy problem 
$ u(t) = Au(t) 
u(0) = (-A)px. 
By the uniqueness of classical solutions, we must have (Sx) (t) = r(t)( -A)-Ox. 
Next, let x E D(A) and choose a sequence (xn) c D(A2) such that x, + x in 
the graph norm of D(A). Let t > 0 be fixed. By (3.7), (Sx,)(t) -+ (Sx)(t) in X. 
The boundedness of (-A))’ implies that also (Sx,)(t) = T(t)(-A)-“xn + 
T(t) (-A)-Ox, and the lemma follows. q 
The above two lemmas will now be used to derive two Paley-Wiener type 
results, giving Lp-stability of certain orbits of a semigroup in terms of H’-ab- 
scissae of its Laplace transform, i.e. of the resolvent. 
Lemma 3.4. Suppose X has Fourier typep for some 1 5 p 5 2 and letp 5 q 5 w. 
Furthermore, assume A is the generator of a Co-semigroup T satisfying 
w:(A) < 0. Then for all p > l/p - l/q, a > w;(A), and x E D((-A)‘), the map 
t H e-“T(t)xbeZongs to Lp’(R+,X). 
Proof. Without loss of generality, assume w:(A) < a < 0. 
Let y E D((-A)p) b e arbitrary and put x := (-A)‘y. Choose a sequence 
x, + x with x, E D(A) for each n. By Lemma 3.2, Sax,, + S,x in LP’(lR+, X). 
By taking a subsequence if necessary, we may assume that (S, x,) (t) + (S, x) (f) 
for almost all t > 0. For any such t, by Lemma 3.3 we have 
e-a’T(t)(-A)-4x = nli-f”,e”‘r(l)o-“x,~m~e~‘fT(~)(-A)~’x~ = Jimm(Sa n)(t) 
= (&x)(t). 
467 
Therefore, e-ulT(.)y is equal a.e. to the function (Sax)(.) E Lp’(lw+, X). q 
We will now give the ‘weak’ analogue of Lemma 3.4. 
Lemma 3.5. Let 1 I p I 2 andp I q 5 co. Furthermore, let A be the generator 
of a Co-semigroup T satisfying weak-w:(A) < 0. Then for all /3 > l/p - 1 /q, a > 
weak-w:(A), x E D((-A)‘) andx* E X’, themap t I-+ eeat(x*, T(t)x) belongs to 
LP’(rw+). 
Proof. Without loss of generality, assume weak-w:(A) < a < 0. 
Using (3.4) and the Hausdorff-Young theorem, the argument of Lemma 3.2 
can be modified to show that 
(3.10) (le-‘(.)(x*, (Sx)(.))jl Lr’(a+) < Cllxll llx*ll, VIX E W),x* E X”. 
Now fixx*~X*. Define ,!$,.:D(A)+LJ”([W+) by (&*x)(t):=(x*, (&x)(t)). 
It follows from (3.10) that S,,,* extends to a bounded operator S,,,. : X + 
Lr’(aB+). 
Let y E D((-A)‘) an d x* E X* be arbitrary and put x := (-A)‘y. Choose a 
sequence x, + x with x, E D(A) for each n. Then S,,,* x,, + S,,,. x in LJ”(aB+). 
By taking a subsequence if necessary, we may assume that (Sa,.+:xn)(t) +
(&,x*x )(t) for almost all t > 0. For any such t, we have 
epaf(x*, T(t)(-A)-Ox) = JifnMe-“‘(x’, T(t)(-A))‘x,J 
= J&II@*, (&h)(t)) = J@m(Sa,x*xn)(t) 
Therefore, the function e-‘(‘) (x*, T(.) y) is equal a.e. to the function S,,,. x E 
LP’(W+). 0 
4. THE ABSCISSAE w;(A) AND STABILITY 
In this section, we will apply Lemma 3.4 to obtain stability results for 
Co-semigroups. The first lemma, along with its proof, is taken from [Hull. 
Lemma 4.1. Let A be a closed operator on a Banach space X. If the resolvent of A 
is untformly bounded in the open right halfplane, then WR(A) < 0. 
Proof. Let IIR(X,A)ll 5 A4 for all ReX > 0. Put r := (2M))‘. Then for all 
v E [w and p I 0 < X such that X - p < c, the series 
(4.1) RP+jV := 5 (X - p)“R(X + iv, A)n+l 
n=O 
converges absolutely. Therefore the function z H R, is a analytic operator 
valued function for Rez > -c, and it coincides with R(z, A) whenever z E p(A). 
We claim that actually R, = R(z, A) for all Rez > -cr. Suppose the contrary. 
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Then there is a z E &(A) n {Rez > -cr}. But if we let z, -+ z inside p(A) fl 
{Rez > -a}, we see that IIR(z,,A)JI, h ence also IIR,,((, tends to 00, a contra- 
diction to the analyticity of z H R,. Finally, the uniform boundedness of the 
resolvent on the half plane ReX > --B follows immediately from (4.1). 0 
The next lemma gives a sufficient condition in order that w:(A) < 0 for cer- 
tain values of q. 
Lemma 4.2. Suppose X has Fourier type p for some 1 I p 5 2, and suppose A is 
the generator of a Co-semigroup T on X. If the resolvent of A is untformly bounded 
in the open right halfplane, then wi (A) = WR(A) < 0 (l/p + l/p’ = 1). 
Proof. First we note that by Lemma 4.1, WR(A) < 0. Choose b 10 so that 
1) T(t) 11 5 Ce@i2)r fo r some C < 00 and all t > 0. Fix t 2 b. Since X has Fourier 
type p and 
R(t + is, A)x = 7 e-‘“((e-‘ET(<)x)dJ, 
0 
we get 
I( _[ (IR(t + is, A)xIJP’ ds)l’P’ 
T lle-4~(~)xllP dt 
> 
IlP 
1lP 
-(l/WpC d< CIIXII~ 
This shows that w:‘(A) < b, and therefore w:‘(A) = wR(A) by Proposition 3.1. 
0 
Before proceeding with the main result of this section, let us observe the fol- 
lowing simple consequence of this lemma and Proposition 3.1. 
Corollary 4.3. Zf A generates a Co-semigroup on a Banach space,with Fourier 
typ,e p for some 1 5 p 5 2, then for all p’ < q 5 co one has wi (A) = weak- 
wi (A) = w;(A) = weak-w:(A) = WR(A). 
If T is a Co-semigroup with generator A on a Banach space X whose re- 
solvent R(X, A) is uniformly bounded in the open right half plane, then by the 
Hille-Yosida theorem A is a densely defined sectorial operator. Consequently, 
the fractional powers of -A are defined. Recall from the introduction the no- 
tation wq(T) = sup{w(x) : x E D((-A)D)}. 
Theorem 4.4. Assume that X has Fourier typep for some 1 5 p 5 2, and that A is 
the generator of a Co-semigroup T whose resolvent is untformly bounded in the 
right halfplane. Then for all /3 > 1 /p - l/p’ one has wp( T) < 0. 
469 
Proof. By Lemma 4.1, WA(A) < 0. Lemma 4.2 yields that W:‘(A) = u&t) < 0. 
Now fix an arbitrary x E D((-A)O). Applying Lemma 3.4 with q = p’, for p > 
l/p-l/p’ and a > WR(A) we get that e-a(.)T(+)x is equal a.e. to 
(S,((-A)‘x))(.) E LJ”(R+,X). By a standard argument (cf. [Pa, Theorem 
4.4.1]), this implies that e-a(.)T(.) x is bounded. Hence, w(x) 5 a. q 
Corollary 4.5. Let A be the generator of a Co-semigroup T on a Banach space X. 
If the resolvent of A is uniformly bounded in the right half plane, then 
w,+,(T) < 0 for every e > 0. 
Indeed, this follows from Lemma 4.1, Theorem 4.4 and the fact that every 
Banach space has Fourier type 1. In fact, the corollary is an immediate con- 
sequence of (3.7) and Lemmas 3.3 and 4.1. This result can be generalized con- 
siderably, cf. [NS]. 
As we observed after Lemma 1.1, a weakly LP-stable semigroup has uni- 
formly bounded resolvent in a right half plane {ReX > -6). Combining this 
with Corollary 4.5 it follows that WI +c( T) < 0 for all E > 0 if T is a weakly 
U-stable Co-semigroup for some 1 I p < co. 
Theorem 4.4 implies a refinement of a stability result of Wrobel [Wr]. He 
proved that wi (T) < 0 for Co-semigroups on B-convex Banach spaces whose 
generators A have uniformly bounded resolvents in the right half plane. 
Theorem 4.6. Let A be the generator of a Co-semigroup T on a B-convex Banach 
space X. If the resolvent of A is uniformly bounded in the right half plane, then 
there exists an E > 0 such that ~1~ t( T) < 0. 
This follows from the fact that X has Fourier type p for some 1 < p < 2 and 
Theorem 4.4. 
Theorem 4.7. Let A be the generator of a Co-semigroup T on a space LP, 1 < 
p < oc and assume that the resolvent of A is uniformly bounded in the right half 
plane. Then w:(A) = WR(A) < 0 for every max{p,p’} I q 5 ca andfor all p > 
(l/p - l/p’/ wehavewp(T) < 0. 
This follows from the fact that LJ’ is of Fourier type min{ p,p’}, Corollary 4.3 
and Theorem 4.4. 
5. STABILITY OF WEAKLY LP-STABLE SEMIGROUPS 
In this section we will apply Lemma 3.5 to obtain stability results for 
Co-semigroups. 
Theorem 5.1. Let T be a Co-semigroup on a Banach space X with generator A. 
(i) If weak-w:(A) < 0 for some 1 5 q < 00, then for all p > 1 - l/q we have 
wp(T) < weak-w;(A) < O.Inparticular,wl(T) 5 weak-wi(A)foralll 5 q < 00. 
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(ii) If the resolvent is uniformly bounded in the open right halfplane and if 
2 5 r < 00, then for all ,B > 1 - l/r, x E D((-A)p) and x* E X*, the map 
(x*, T(.)x) belongs to L’(R+). Znparticular, ifx E D(A), thenforall x* E X* we 
have (x*, T(.)x) E L’(lR+) for all2 5 r < CQ. 
Proof. (i) For all weak-w:(d) < a < 0, Lemma 3.5 (with p = 1) shows that the 
function (x*, e -n(,)T(.)x) is bounded for all x E D((-,4)p) and x* E X*. 
Therefore, wa( T) < a by the uniform boundedness theorem. 
(ii) Apply Lemma 3.5 (with p = (1 - l/r)-’ and q = co). 0 
We will now prepare some lemmas for a somewhat less trivial application of 
Lemma 3.5. 
Lemma 5.2. Let 1 5 p < 2 and let T be a weakly LP-stable Co-semigroup on X. 
Then the resolvent belongs to HP’ weakly. 
Proof. Let t > 0 and s E [w be arbitrary. Let x E X and x* E X” be arbitrary. 
By Lemma 1.1 (iii) we have 
(5.1) (x*,R(t + is,A)x) = T e-is~(e-f~(x*, T([)x))dE = (Fg)(s), 
where F is the Fourier transform and 
g(5) = x~+(S)e-‘~(x*,T(E)x). 
Note that a priori we obtain the integral in (5.1) as an improper integral, but the 
conditions on T and t ensure that the integral is actually a Lebesgue integral. 
Let K = I&* := II@*> T(MLP(R+). By the Hausdorff-Young theorem, 
there is a constant C, such that 
II(x”,R(t+i(.),A)x)ll L@‘(R) 5 CPlld9llLP~(R) 5 CPK. 
Since t > 0 is arbitrary, the lemma follows. q 
Lemma 5.3. [Ko, Theorem 6.41 Let A be a sectorial operator. For all w 2 0 and 
/3’ E R’ we have D((-A)‘) = D((-(A - w))“). 
For our purposes, it is in fact sufficient to know that D((-A)“‘) c 
D((-(A - w))“) for all E > 0. 
Lemma 5.4. Let 1 I p 5 2, and let A be the generator of a weakly Lq-stable 
Co-semigroup T for some 1 I q 5 2. Then for all p > l/p - l/q’, 
(l/q+ l/q’ = l), x E D((-A)‘), x* E X’, and E > 0, the map t H 
e-“(x*, T(t)x) belongs to LP’(R+). 
Proof. Let x E D((-A)‘). By Lemma 5.2, the resolvent R(X, A) belongs to Hq’ 
weakly, so R(X, A - 2~) belongs to Hq’(-26) weakly. By Lemma 5.3, x E 
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D((-(A - 2~))~). Therefore we can apply Lemma 3.5 to the semigroup 
T&(t) := e -2crT(1) and a = --E and find that t ++ e-“(x*, r(t)x) belongs to 
LP’(R+). 0 
Now we are in a position to prove the main result of this section. 
Theorem 5.5. Let T be a Co-semigroup which is weakly Lq-stable for some 
1 I: q < 2. Then for all /3 > l/q we have wp( T) 5 0. 
Proof. An application ofLemma 5.4, withp = 1, shows that t H e-“(x*, T(t)x) 
is bounded for all x E D((-A)@), x* E X*, and E > 0. The theorem follows from 
the uniform boundedness theorem. q 
6. EXISTENCE OF LP-SOLUTIONS 
In this section we apply the ideas of Section 3 to the abstract Cauchy prob- 
lem. Let A be a sectorial operator on a Banach space X of Fourier type p for 
some 1 < p 5 2. Assume that there is a q with p 5 q < 00 such that w:(A) < 0. 
Let p > l/p - l/q and w:(A) < a < 0, and consider the map S, of Lemma 3.2. 
Lemma 6.1. For all x E X 
(6.1) J e”“(&x)(s)ds E D(A) for almost all t > 0, 
0 
and 
(6.2) e”‘(&x)(t) = A i e”(&x)(s)ds + (-A)-‘x for almost all t > 0. 
0 > 
Proof. Fix x E D(A). We have 
YI := 1 e”(&x)(s)ds = J! (Sx)(s)ds 
0 
= & Re[zo i (e” - 1)(-X)-4R(X,A)x dA. 
Since (l/X)AR(X,A)x = R(X, A)x - x/X, the integrals in 
z1 := & Rtizo k (e” - l)(-X)-BAR(X,A)xdX 
(6.3) = & /a eA’(-A)-‘R(X,A)xdX& J (-X)-4R(X,A)xdX 
ReX=a 
- I)(-X)-‘-ix dX 
exist as Bochner integrals. The closedness of A implies that y, E D(A) and 
Ay, = z,. 
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The last integral in (6.3) is zero by Cauchy’s theorem. Then (6.3) and 
Lemma 2.2 yield that 
(Sx)(t) = A ( j (Sx)(s)dr) + $ Rcjl-rr (-WWJ)x dX 
0 
= A j P(SaX)(S)dS ( + (-A)-ox. 0 > 
This proves the lemma in case x E D(A). 
For an arbitrary x E X, choose x, E D(A) with x, -+ x in X. Using 
Lemma 3.2, we see that (&xn) + (Sax) in the norm of LP’(lR+, X) and there- 
fore, for all t > 0, 
By taking a subsequence if necessary, we may assume that (S, xn) (t) -+ (S, x) (t) 
almost everywhere. Hence, for almost all t, 
e”‘(S,x,)(t) - (-A)-’ x, ---f e”‘(&x)(t) - (-A)-“x. 
Since (6.1) and (6.2) hold for all x, and A is closed, we see that (6.1) and (6.2) 
hold for x. q 
Consider the abstract Cauchy problem 
(ACP) u’(t) = Au(t) (t > 0), u(0) = x. 
(a) A function u : IF!, --+ X is called a L,P-solution of (ACP) if e-“‘(‘)u(.) E 
LJ’(lR+, X) and 
x for almost all f > 0 and u(O) = x. 
We say that u is a LP-solution if it is a L,P-solution for some w E R. 
(b) The function u : lQ+ -+ X is called a W,‘>P-solution of (ACP) if e-w(.)u(+) E 
W ‘~P(R+, X) and 
u’(t) = Au(t) for almost all t > 0 and u(O) = x. 
Bya W ‘,P-solution, we mean a W$P-solution for some w E IR. 
Definition (a) says essentially that a LP-solution is a mild solution, but a 
LP-solution is not necessarily continuous. By part (b), it follows in particular 
that a W’>P-solution is a strong solution in the sense of Pazy, see [Pa, p. 1091. 
The name LP-solution is motivated by the following notion of Beals [Be]. 
(c) u : R+ --+ X is a L2-solution in the sense of Beds if ]]u(.)]] is locally L2, and 
for each y * E D(A *) the function ( y *, u(.)) is equal a.e. to a locally absolutely 
continuousfunctionu,*(t) withu,.(O) = (y*,x), (d/dt)u,.(t) = (A*y*,u,*(t)). 
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Proposition 6.2. For each q 2 2, a Lq-solution u of (ACP) is a L2-solution in the 
sense of Beak. 
Proof. Let u be a Lq-solution of (ACP). Clearly, /]u(.)[l is locally L2. Let y’ E 
D(A *) and define 
z+.(t) := A*y*ju(s)ds + (y*,x). 
0 > 
Then+(O) = (y”, ) x , up (.) is locally absolutely continuous with (d/d) u,,* (t) = 
(A*y*,u(t)), and u,,*(t) = (y*,u(t)) a.e. q 
Theorem 6.3. Let A be a sectorial operator on a Banach space Xof Fourier typep 
for some 1 5 p < 2. Let p < q 5 cc and assume that w:(A) < 00. Then for all 
w > wi (A) and j3 > 1 /p - 1 /q the following assertions hold. 
(a) (ACP) has a L$-solution for every x E D( (-A)‘). 
(b) (ACP) hasa W,+!>r’ -solutionforevery x E D((-A)“‘). 
Proof. (a) Fix x E D((-A)‘). By scaling A, we may assume that w;(A) < w < 0; 
after doing so, Lemma 5.3 guarantees that still x E D((-A)p). Put y = (-A)‘x 
and u(t) = e”‘(&y)(t) w h ere SW is the map of Lemma 3.2. Then e+(‘)u(.) E 
Lr’(R+, X) and 
u(t) = e”“(&y)(t) = A + (-A)-‘Y 
(b) Fix x E D((-A)“‘). After resealing A as in (i) we have x E D((-A)“‘). 
Put y = -(-A)p+lx and u(t) = Jof e’““(&y)(s)ds + x. Then epWf(d/dt)u(t) = 
(&y)(t) belongs to LP’(R+,X). It follows easily from (3.6) that A-‘&, = 
&A-‘. Also, since x = A-I(-A)-sy, it follows from (6.2) that e+“‘u(t) = 
A-‘(&y)(t) = (&,(A-‘y))(t) belongs to Lr’(lR+,X). It follows that also 
(d/dt)(e-“‘u(t)) belongs to Lr’((w+, X). Furthermore, u(0) = x and, since 
(-A)-‘y = Ax, 
$ u(t) = e-““(&y)(t) = A + (-A)-‘y 
-wS(SWy)(s)ds + = Au(t) a.e. Cl 
Beals [Be] proves the following. If A is a densely defined closed operator on a 
Hilbert space H, such that the resolvent is uniformly bounded in some right 
half plane, then for each x E D(A), the problem (ACP) has a unique L2-solu- 
tion in the sense of Beals. If in addition we assume that A is sectorial we can 
improve this as follows: 
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Corollary 6.4. Let A be a sectorial operator on a B-convex Banach space X 
satisfying WR(A) < co. Then there exists an E > 0 such that for each 
x E D((-A)‘-‘), the problem (ACP) has a unique L2-solution in the sense of 
Beals. 
Proof. As we observed at the beginning of this section, X is of Fourier type p 
for some 1 < p 5 2. Therefore the existence assertions follow by combining the 
previous two results. Uniqueness of L2-solutions is proved in [Be]. q 
Corollary 6.5. Let A be a sectorial operator on a Hilbert space H such that 
WR(A) < co. Then for each p > i and x E D((-A)‘), the problem (ACP) has a 
unique L2-solution in the sense of Beals. Moreover, $wR(A) < 0 then this solution 
is globally L 2. 
Proof. We only need to prove the globality assertion, which follows from 
Theorem 6.3. q 
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